Using probabilistic arguments we obtain an integral expression for the joint density of the time of ruin and the deficit at ruin. For the classical risk model, we obtain the bivariate Laplace transform of this joint density and invert it in the cases of individual claims distributed as Erlang (2) and as a mixture of two exponential distributions. As a consequence, we obtain explicit solutions for the density of the time of ruin.
INTRODUCTION
In recent years a number of new explicit solutions for finite time ruin problems have appeared in the literature. See, for example, Drekic and Willmot (2003) , Dickson and Willmot (2005) , and Garcia (2005) . In this paper we extend results given in some of these papers by considering the joint distribution of the time of ruin and the deficit at ruin in the classical risk model. In particular, we derive explicit solutions for the joint density of these quantities for two individual claim amount distributions -Erlang(2) and a mixture of two exponential distributions.
It is well known that in the classical risk model with exponentially distributed individual claims, the distribution of the deficit at ruin is independent of the time of ruin. See, for example, Gerber (1979) . Otherwise results in the literature on the joint distribution of the time of ruin and the deficit at ruin in the classical risk model are restricted to Laplace transforms. By writing the 'penalty' function in the well-known Gerber-Shiu function (Gerber and Shiu (1998) ) as w(x,y) = e -sy , the Gerber-Shiu function becomes the bivariate Laplace transform of the time of ruin and the deficit at ruin. Dickson and Drekic (2006) and Cheung et al (2007) exploit this fact to obtain the form of the bivariate density of the time of ruin and deficit at ruin for certain individual claim amount distributions. However, their solutions are expressed in terms of functions that are not identified, but whose Laplace transforms are known but difficult to invert. In this paper we do not attempt to invert these functions, but we do exploit the structural forms of bivariate densities obtained in these papers. In the special case when the initial surplus is 0, an expression (equation (2) below) for the bivariate Laplace transform of the time of ruin and the deficit at ruin exists, and this can be inverted using the techniques of Dickson and Willmot (2005) to give an expression for the joint density in terms of the density function of aggregate claims.
We start with some general results. Let {U(t)} t $ 0 denote a surplus process and let T denote the time of ruin. Define W (u, y, t) 
to be the defective joint distribution function of the time of ruin and the deficit at ruin, and let w (u, y, t) = y t 2 2 2 2 W (u,y, t) be the defective joint density.
By conditioning on the time and the amount of the first drop of the surplus process below its initial level we have , , (u, y,t) with respect to t we obtain , , , 
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Further, we define , , , w u t w u y t dy
to be the defective density of T, and let c(u,t) = Pr(T # t). Next, let 
. w u t w y w u y t dyd w y t dy
All the above formulae apply equally to a Sparre Andersen risk model and to the classical risk model. Our aim in this paper is to apply these formulae to the classical risk model to obtain explicit solutions for quantities such as w (u,y,t) and c(u, t). Our approach will be to use Laplace transforms.
BACKGROUND
In the classical risk model, claims occur as a Poisson process, and we let l denote the parameter of this process. Let F denote the distribution function of individual claim amounts and let f denote the density function. Let g(•, t) denote the density of aggregate claims over (0, t) so that
where f n* denotes the n-fold convolution of f with itself. Let c denote the premium income per unit time which we assume to be received continuously, and we assume that c exceeds the expected aggregate claim amount per unit time.
For the classical risk model, Lundberg's fundamental equation is and Gerber and Shiu (1998) 
EXPLICIT SOLUTIONS FOR THE JOINT DENSITY A key result in our analysis is the Laplace transform relationship given by Dickson and Willmot (2005 
Cheung et al (2006) obtain general expressions for w (u,y, t) for two types of individual claim amount distribution -a combination of exponential distributions and mixed Erlang distributions. Specifically, they show that if
where the Laplace transform of h i (u,t) is known for i = 1, 2, ..., n. Similarly, if
,
where the Laplace transform of j i (u,t) is known for i = 1,2, ..., n. In this paper we consider special cases of these distributions -an Erlang(2) distribution and a mixture of two exponential distributions -and we obtain closed form solutions for the joint density of the time of ruin and the deficit at ruin. A consequence of this is that we obtain explicit formulae for finite time ruin probabilities which are of a different form to those presented by Garcia (2005) for these individual claim amount distributions.
ERLANG (2, b ) CLAIMS
Let us first consider the case when the individual claim amount distribution is Erlang(2) with scale parameter b, so that f(x) = b 2 xe -bx . Then by applying equation (2) 
Further, from equation (5) with n = 2 and q 2 = 1 we have (with a change of notation)
where h(u,t) and k(u,t) are functions that we will now identify. Inserting formula (6) in equation (1) we get
Then defining
with a similar definition for the bivariate Laplace transform of k(u,t), we obtain 
Consider first the integral term in formula (9). Inserting for g, it becomes n r 2 - 
For ease of computation, we now write our solution in terms of special functions. We first note that for integer j,
where (a) n = G(a + n) / G(a) is Pochhammer's symbol, so that we can rewrite formula (10) 
The solution for k(u,t) is obtained by exactly the same approach. We obtain 
Further, we can compute the density of the time of ruin as w(u,t) = h(u,t) + k(u,t).
Figures 1 to 3 illustrate the application of these formulae. In each figure, b = 2, l = 1 and c = 1.1. The values of u are 0 in Figure 1 , 10 in Figure 2 and 20 in Figure 3 . All values were calculated using Mathematica, which includes the generalised hypergeometric function as a supplied function, and infinite sums were truncated at a suitably high level. Although it is clear from the above formulae that h(u, t) and k(u, t) can be written in terms of Erlang densities, it is straightforward to integrate these functions numerically to obtain values of EXPLICIT SOLUTIONS FOR THE JOINT DENSITY the joint distribution function and of the finite time ruin probability. Values of W (10,t,y) are shown in Table 1 for a range of values for t and y for the same parameters as in Figures 1 to 3. 
MIXED EXPONENTIAL CLAIMS
We now consider the case when individual claims have a mixed exponential distribution with density
where p + q = 1, 0 < p < 1 and a < b. Then from formula (4), we can write
and we will now determine j(u,t) and k(u,t). From equation (2) we obtain
The method of solution is essentially the same as in the previous section, but the details are more complicated. We first insert expression (11) into equation (1), giving 
with similar notation for the Laplace transforms of k(u,t) and k(0,t). Then 
(See Abramowitz and Stegun (1965, p. 505) .) Now consider inversion of ( 
By formula (3) 
To evaluate the above integral we must insert for g and hence we need an expression for f n* . Following Willmot and Woo (2007) we can write
where e(n, b; x) denotes the Erlang(n) density with scale parameter b and 
where E(n, b;x) denotes the Erlang(n) distribution function with scale parameter b.
Now let the sum of expressions (13) and (14) be denoted by h n,k (t). Then 
We can take the same approach to obtain k(u, t), but we omit the details. We obtain 
The above formulae for H (u,t) and K(u,t) involve infinite sums whose summands comprise simple functions (and the same is true for j(u,t) and k(u,t)). In applying these formulae, we generally found it easier to compute H(u,t) and K(u,t) (although this may simply reflect the author's programming skills), and results based on these are shown in Tables 2 to 4. For small values of u and t, evaluation of H (u, t) and K(u, t) posed no problems and computer run times were short. For the larger values of u and t in Tables 2 to 4, computer run times are very lengthy (several hours) and care has to be exercised in computer programs to avoid numerical underflow or overflow. To illustrate our formulae, we have chosen the same mixed exponential distribution and parameters as Garcia (2005) , namely p = 1 -q = 3 1 , a = 3 1 and b = 2, with l = 1 and c = 1.1. As it took several hours of computing time to produce the values in Table 4 , we also calculated approximations to values of W (20,y, t) using the algorithm of Dickson and Waters (1992) . The approximations are shown in parenthesis in Table 5 , and are based on a scaling factor of 100 in the algorithm. (A higher value of the scaling factor can be used to produce better approximations.) By contrast with the computer run time required to produce exact values, the approximations were computed in minutes, and are excellent.
CONCLUDING REMARKS
The approach presented in this paper easily applies in the case of exponential individual claims. It produces the same solution for w(u,t) as Drekic and Willmot (2003) give, although the transform inversion problem is quite different. Similarly, if f (x) = p be -bx + (1 -p) b 2 xe -bx where 0 < p < 1, an explicit solution can be obtained for w (u,y,t) . The approach, however, becomes unwieldy for other individual claim amount distributions, for example Erlang(3), although it is possible to obtain further explicit solutions when u = 0. Nevertheless, this approach has allowed us to obtain formulae from which the joint distribution of the time of ruin and the deficit at ruin can be calculated. It should also apply to certain Sparre Andersen models with the individual claim amount distributions considered in this paper, although a first stage in developing this idea will be to find a transform relationship equivalent to (3) for these models. We had mixed experiences in our computations. For Erlang(2) claims, programming of formulae is straightforward and computations can be done quickly. By contrast, for our example with mixed exponential claims, programming was more complicated and computer run times were lengthy. Our comparison of exact and approximate values of W (u, y,t) in Table 3 suggests that while it is appealing to have an explicit solution to a problem, in practice it may be more appropriate to compute an approximate solution.
